This paper introduces an asset pricing model with housing and explores properties of an asset pricing kernel using housing service as a numeraire in an OLG economy. When there is non-separable utility over consumption goods and housing services, the model generates not only the new type of risk known as composition risk, but also a new type of pricing kernel. This paper derives this novel pricing kernel using housing service as the numeraire and studies its property by exploring its relationship with the standard pricing kernel, which uses consumption as the numeraire. A simulation result for steady state asset prices exhibits a certain interrelationship among many consumer parameters in asset pricing with housing.
Introduction
This paper introduces a new type of asset pricing kernel using housing service as a numeraire in an OLG economy and develops its property related with the usual pricing kernel where consumption is used as numeraire. Housing has several important implications in economics and finance. First, housing (or broadly defined as real estate) may be by far the largest component of household total wealth (Ivan, 2012) and its expenditure comprises a substantial share in household expenditure as well (Piazzesi et al., 2007) . Second, the value of housing capital stock is larger than that of business capital (Tibaijuka, 2009) . Third, significant fluctuations in housing price would imply significant fluctuations in wealth (Leung, 2004) . Moreover, as shown in several area of economics literature including asset pricing and lifecycle models, housing plays such important roles as a consumption good, asset, and collateral device. As an asset, housing capital or housing stock yields capital gains and rental earnings, similar to the cum-dividend return of usual stocks. As a consumption good, economic agents enjoy housing services in any time, by renting and consuming a home from housing stocks. In this paper we focus on both of these roles from an asset pricing perspective (Note 1).
The usual assumption of standard asset pricing models is summarized by a tenet of an infinitely-lived representative agent (ILA), with time-separable utility, who discounts future expected utilities by time preference. ILA implies an allocation decision made by a single infinitely-lived agent who acts on behalf of both the present and all future generations. The standard consumption-based asset pricing framework is derived from this baseline assumption. It is well-known that for the case of power utility function, this framework returns a relatively simple form of asset pricing kernel, the value of which is completely determined by consumption growth (Note 2). This is because the pricing kernel is derived from intertemporal marginal rate of substitution (IMRS) between current and future utility arguments. In a simple model of asset allocation via consumption and saving, it is the marginal utility from current and future consumption through which investors rebalance their asset holdings. The main implication is that, when consumption growth rate is high, the IMRS gets lower due to a decreasing marginal utility and thus the future asset value in the high state should be lower. In this sense, the standard C-CAPM may be called consumption risk approach (Piazzesi et al., 2007) .
However, this consumption risk approach with standard asset pricing kernels has not been very successful to explain some empirical features of asset returns, noted as puzzles, such as the equity premium puzzle (Note 3) (Mehra & Prescott, 1985) and risk free rate puzzle (Weil, 1989) . The main implication of the equity premium puzzle is that under standard risk aversion parameter, the model generates so little premium because consumption is too smooth. In other words, to match the fact in data, an unreasonable value of risk aversion is required (Note 4).
Several remedies have been proposed to solve the puzzle, by redefining each of the elements in constructing the standard model (Note 5): (i) preference, (ii) market structure, (iii) type of agents. Regarding preference, habit formation by Campbell and Cochrane (1999) (Note 6) and non-expected utility by Epstein and Zin (1989) were suggested. Regarding market structure, incomplete market structure may be considered although it needs very persistent income shocks and counter-cyclical consumption variance to match the data. Constantinides and Duffie (1996) suggest heterogeneity by introducing uninsured idiosyncratic risks into the economy. We may even think about behavioral approaches or beliefs. Staying away from these, Piazzesi et al. (2007) , by introducing housing explicitly as an asset and upgrading the separable utility specification to non-separable one, replace the old consumption risk with the composition risk (Note 7). They find that the presence of composition risk helps generate a sizeable and volatile equity premium observed in the data.
Other than these, all about ILA approach, recent development focuses on asset pricing modeling based on the overlapping generations model (OLG). With OLG, allocation decisions are made simultaneously by different age groups. Different generations face different incomes and different risks regarding future consumptions. This is how OLG models perform differently from ILA when intertemporal allocations are linked to asset markets: the lifecycle feature in OLG is said to play a crucial role in improving the consumption based asset pricing, according to Bohm et al. (2008) . Some documents include Constantinides et al. (2002) for imperfect credit market for the young, and Storesletten, Telmer and Yaron (2007) for idiosyncratic risks related with age (Note 8). Many authors argue a general advantage of OLG over ILA in other areas, too. Bohm, Kikuchi and Vachadze (2008) analyze two-period OLG vs. ILA with productivity growth and find that the OLG model improves the fit in the following three elements of asset pricing criteria: risk premium, equity return, and bond return (Note 9). Then we may ask the following: what is not answered with the above models? Among current literature, we may argue that one of them should be OLG with housing. We may wonder if we can still get better prediction on those criteria with OLG. Before an empirical work to answer this, this paper tries to analyze the theoretical building block of OLG with housing assets to explain the puzzle and others. Specifically this paper aims to analyze the asset pricing kernels with housing for non-separable utility functions in an OLG environment. When the model assumes non-separable utility specification, it would have not only the new type of risk (composition risk) but also a new type of pricing kernel. In this paper we focus on this new type of pricing kernel using housing as a numeraire. Its derivation and relationship with the usual kernel are studied.
Other Related Literature
There is some research on the consumption-based asset pricing models with housing. All the papers in the following list assume the infinitely lived agents (ILA). Lustig and Nieuwerburgh (2010) occupy assumption with state contingent heterogeneity. They specifically introduce an incomplete market due to housing collateral constraint, which keeps the household from defaulting. Davis and Martin (2009) , working with home production with housing, estimate the intratemporal elasticity of substitution (ES) between housing and consumption. Similarly, Bansal, Tallarini, and Yaron (2008) estimate the intratemporal elasticity of substitution using composite wealth return (Note 10).
As mentioned in Introduction, Piazzesi, Schneider and Tuzel (2007) introduce composition risk relating change in asset prices to expenditure share and show improved performance by the composition risk factor. Fillat (2008) furthermore analyzes long run risk from composition risk, showing that presence of housing increases the price of the long run risk. Kwan, Leung and Dong (2014) compare eight different consumption-based asset pricing models (with or without housing) and show that not the existence of housing in the consumption-based models but how it is introduced matters in improving the models' performance. They find that recursive utility model and variation with housing outperform alternative models in predicting stock return, while a collateral constraint model outperforms in predicting housing return.
Regarding the traditional consumption risk in asset pricing and returns, but without housing, we may consider Lettau and Ludvigson (2001) and Parker and Julliard (2005) . Models with modified consumption risk can be summarized by the external habit model (many works including Campbell & Cochrane, 1999) and the recursive preferences model with total wealth (Bansal & Yaron, 2004) . Other than these, we may consider such models as ones with deviation from rational expectations (Brunnermeier & Julliard, 2007) , ones with robust control (Hansen & Sargent, 2010) and ones with ambiguity aversion (Ulrich, 2010).
The Model
We want to study two-period OLG Model of two goods and three assets, where agents receive wage income only in the first period but consume in both periods. To incorporate the new asset pricing kernel with housing, we assume two types of consumption: usual consumption and housing service (Note 11). The three assets are (1) www.ccsenet.org/ijef International Journal of Economics and Finance Vol. 7, No. 5; 2015 discounted bond, (2) claims to the housing consumption for the following period, and (3) claims to the nonhousing consumption for the following period.
Environment
Time is discrete. Consider an OLG economy, where each generation lives for two consecutive periods. They supply one unit of labor, in efficiency term e t , and receive wage income only in the first period, while they consume in both periods, c yt and c ot+1 representing consumption by the young at time t and consumption by the old at 1. Also agents enjoy housing services in both periods, by renting a home from the existing housing stocks in the economy. There are three assets in the economy: one is a standard discounted bond and another one is a stock which does not include housing capital. Other than these two assets, there is a third asset called housing capital or housing stock because this capital is assumed reversible and traded in asset markets. Purchasing s units of stocks at price in period t implies a random cum-dividend return in the following period. The superscript s denotes the usual stock. Purchasing b units of the discount bond at price implies one unit of return in the following period. Similar to the non-housing stocks, purchasing units of housing capital at price in period t implies a gross return of in the following period, where the superscript h denotes the housing stock and implies dividends to the housing stock or the rental earning from housing capital.
Consumer's Optimization
Young agents born in period solve the following maximization problem.
where
The value of CES aggregator g depends on , which represents the importance of intratemporal smoothing. The higher the intratemporal elasticity of substitution , the more willing the agents are to substitute housing for the other consumption within the same period. The two goods are perfect substitutes if is infinite, while they are perfect complements if is zero. Taking the limit as →1 yields a Cobb-Douglas aggregator. Next is the intertemporal smoothing. The periodic utility function depends on how willing agents are to substitute the CES aggregated bundle over time. The higher the intertemporal elasticity of substitution , the more willing the agents are to substitute for the future. It is well known that the elasticity is in fact the inverse of the coefficient of relative risk aversion, i.e., 1/ . Therefore, the representative young agent born in period solves the following maximization problem: 
where represents a stochastic income and , , is each asset demand for the next period, while is housing service and is the depreciation rate of housing stock, the total of which is fixed for simplicity. Assume , implying housing service is a constant stream out of housing stock each time.
Optimality
From the description above, we set up the following Lagrangian for a maximization problem of one objective with two constraints:
www.ccsenet.org/ijef 
From Eq. (8) and Eq. (9) or from Eq. (10) and Eq. (11), we get the following intratemporal optimality implication.
which simply leads to (16) implying that each time the young household's consumption of regular goods and housing service should be allocated according to their relative utility weights. The Eq. (16) represents the relative importance of housing to the household subjectively to the one objectively due to depreciation. Likewise, several equations for intertemporal optimality can be derived:
Each of these equations directly shows the inter-temporal marginal utility related with each choice variable among assets , , . One may also notice that the other variables of consumption goods and housing services , , , appear in all three equations aligned along their periodic states. Because these elements are common in these equations, we may infer that they can serve for asset pricing building blocks. In fact, an asset pricing kernel or stochastic discount factor may be constructed from any of the common variables using an intertemporal marginal rate of substitution (MRS) between two intertemporal goods. In general, MRS over consumption goods is used for this and the usual C-CAPM utilizes this consumption-based pricing kernel. When there is no other consumption element such as housing service, the simplest c-pricing kernel is ′ / ′ . Intertemporal optimization implies that a household determining how much he would consume today and tomorrow (next period) by allocating an asset should equate marginal utility over time. In other words, the household adjusts the asset allocation until the expected MRS between the two periods is equal www.ccsenet.org/ijef International Journal of Economics and Finance Vol. 7, No. 5; 2015 to one: | ′ / ′ | 1, where represents expected return of an asset (Note 12). When today's marginal utility is low due to higher asset holding for tomorrow, then it should be compensated by higher marginal utility of the next period through asset payoff. Therefore it is clear that through the asset pricing kernel, asset prices are linked to the household's marginal utility of consumption over time. For the CES aggregator in the model, the pricing kernel with consumption as numeraire is (Note 13): (20) As Piazzesi et al. (2007) argue, the CES aggregator gives a pricing kernel that represents the composition risk. In equation (20), the pricing kernel is not only determined by the usual consumption growth but also by the consumption ratio growth: ratio between the two arguments of goods and housing services and the growth between the two periods of young and old. However, there is another way to construct the pricing kernel because we have one more element (housing service) that gives utility to the household in the model. It is the pricing kernel that is obtained when we set housing service as the numeraire. The kernel is: (21) which implies that the pricing kernel is not only determined by the housing service growth rate but also by the relative ratio growth rate. It is easy to see how one of the kernels is related to the other by looking at the following equation from the intratemporal optimality. (22) 2.2.2 Asset Prices and Returns Asset prices can be constructed using one of the kernels. Because the value of an asset is equal to the asset's expected payoff discounted by a pricing kernel, information regarding each asset's expected payoff is necessary. In the case of a discounted bond, the payoff is simply one. Payoffs to usual stocks and housing stocks are and , respectively. Thus if we use the consumption-numeraired pricing kernel, then the bond price is obtained by (23) or equivalently, by occupying the housing-numeraired pricing kernel, the bond price is written by (24) Similarly, the stock price is obtained by (25) which is equal to or by housing numeraire, / . Likewise, the housing price is:
International Journal of Economics and Finance Vol. 7, No. 5; 2015 76 (26) which returns to 1 or 1 / . If we turn to gross returns of these assets, we have: because the discount bond at price implies one unit of return in the following period, the bond returns in terms of each pricing kernel is (Note 14): (27) or 1 for / . Also because both non-housing stocks and housing stocks purchased at imply random cum-dividend return in the following period, the return in terms of a unified notation is: (28) From 1 , we can construct the risk premium. The equation gives , 1. For riskless bonds, the gross return (Note 15) satisfies 1, and thus the housing market risk premium is defined by ,
or , using consumption as the numeraire.
Equilibrium
The Model OLG economy is summarized by a set of preference parameters , , , and stochastic processes for consumption and housing service for both young and old. The following definition describes the asset prices under the optimal behavior in a competitive system.
Definition A competitive (partial) equilibrium of the economy is a collection of asset price processes
, , , allocation processes of consumption and housing service of young and old, {(c yt, h yt ), (c ot+1, h ot+1 )}, and a series of asset holdings by the young, , , such that given the price processes, the following is satisfied:
i) Given the price system, the allocation {young, old} solves the consumer's maximization problem each time.
ii) For the given pair of allocations, all the asset markets clear, i.e. net supply of bond is zero, net supply of equity is unity and net supply of housing is fixed by for each time.
Optimal Allocation
To explore the meaning of the market clearing condition, consider the optimal allocation at time t under the equilibrium prices:
This follows from the market clearing condition that net supply of bond is zero and net supply of equity is unity. Thus 1
Assume that the housing capital market clears at . This implies that there is construction by the depreciation amount but zero growth in net construction and . Then 1
or 1 . This is because it is true that the housing stocks satisfy (34) while the housing services (35) www.ccsenet.org/ijef
International Journal of Economics and Finance Vol. 7, No. 5; 2015 Let 1, then the steady state consumption is obtained by
For each generation of young and old,
and 1
Finally notice that the steady state housing stock and service satisfy and .
Steady State Asset Prices
From Equations (23), (25), (26), the non-stochastic steady state asset price equations in terms of consumption numeraire satisfy:
where (42) Because at steady states, both pricing kernels are identical (Note 16), it follows that ≡ . Thus the steady state asset prices are:
If the housing depreciation rate is equal to zero, then and are not different from each other but dividends. The following figures demonstrate a set of simulation results for the steady state asset prices when the steady state consumption and housing are set to certain normalized values following a 2013 consumer expenditure survey (Note 17). According to this survey, the housing expenditure is about one half of the nonhousing consumption expenditure. Furthermore, we assume that consumption of old age is lower than the consumption of young age, while the housing expenditure remains about the same. Therefore we set {c y , c o , h y , h o }={1, 0.75, 0.5, 0.5}. Because one period in a two-period OLG model is about 30~35 years, we may set the parameter values at , {0.7, 0.5}. Also following Piazzesi et al. (2007) , we can set the intratemporal and intertemporal parameters at , {1.5, 2}. Finally regarding the normalized dividend value: because the depreciation appears in the valuation of housing stock, but not in nonhousing stock, the dividend stream should be higher at equilibrium with housing stocks than with nonhousing stocks (Note 18). Thus, to incorporate this relationship, we may set , {0.5, 2.5}. Figure 1 and Figure 2 show the steady state asset prices of stock, housing, and bond, from the baseline model with both 0.5 and 2, over different values of ω. Because the change in stock value is visible from these figures, we want to see the stock price graph in isolation along with different sigma values. Figure 3 shows this result. When we set ω 0.5, we further obtain the graphs with varying (Figure 4 ) or varying ( Figure 5 ).
Conclusion
In this paper we develop an asset pricing model with housing and derive a new type of pricing kernel using housing service as the numeraire. Like Piazzesi et al. (2007) , this paper occupies a consumption-based asset pricing model, in which there is an explicit role of housing as both a consumption good and an asset. In Piazzesi et al. (2007) , a representative agent consumes housing service and nonhousing consumption goods, which is the numeraire for their ILA model in frictionless asset markets. Instead of occupying the standard consumption good-based asset pricing kernel, this paper develops a new type of housing-numeraired asset pricing kernel in an OLG model and explores its property. It is shown that housing based numeraire is closely related with consumption based numeraire and in non-stochastic steady states, the two are not different from each other. A www.ccsenet.org/ijef
International Journal of Economics and Finance Vol. 7, No. 5; 2015 simulation result for steady states shows that stock price responds more than the other prices to variation of consumer parameters. By the interrelationship among many consumer parameters in asset pricing model with housing, we may better understand the movement of housing asset prices. Vol. 7, No. 5; 2015 
